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In this paper we consider the finer question of whether it is possible to realize finite groups *G* as Galois groups of minimally tamely ramified extensions of $\documentclass[12pt]{minimal}
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Minimal tame ramification and decomposition configurations {#Sec2}
==========================================================

We first make precise what is meant by a specification of the inertia and decomposition groups in a realization of a finite group *G* as a Galois group over $\documentclass[12pt]{minimal}
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With the evident minor modifications one could consider tame ramification configurations that are not minimal (where the cardinality *n* of $\documentclass[12pt]{minimal}
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Decomposition configurations in finite abelian groups {#Sec3}
=====================================================
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Finite abelian 2-groups {#Sec4}
-----------------------
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A sign matrix *M* is a QR (quadratic residue) matrix if $\documentclass[12pt]{minimal}
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### Proof {#FPar15}
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### Corollary 3.8 {#FPar16}
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### Proof {#FPar17}
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### Remark 3.9 {#FPar18}

This Corollary shows in particular that the question of realizing tame decomposition configurations is more precise than the simpler question of specifying the ramification index *e* and the inertial degree *f* for each of the (tamely) ramifying primes.
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A reciprocity theorem {#Sec5}
---------------------

Before considering finite abelian groups further, we first prove a reciprocity theorem which may be of independent interest.
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### Remark 3.12 {#FPar23}
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### Remark 3.13 {#FPar24}
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Finite abelian groups of odd order {#Sec6}
----------------------------------

In this subsection we show that, unlike the case of abelian 2-groups where quadratic reciprocity intervened, for finite abelian groups of odd order there are no constraints to realizing tame decomposition configurations over $\documentclass[12pt]{minimal}
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### Theorem 3.14 {#FPar25}
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### Remark 3.15 {#FPar26}
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We have seen that if the abelian group *G* has trivial Sylow-2 subgroup then all tame decomposition configurations can be realized over $\documentclass[12pt]{minimal}
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### Theorem 3.16 {#FPar27}
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In both cases the argument will be by induction on the number of generators of *G*, with the inductive hypothesis used to provide an 'initial realization' for a tame decomposition configuration related to the desired configuration. A Chebotarev density theorem argument will show the existence of an additional prime and corresponding abelian extensions which, when taken together with the initial realization, can be used to construct a realization of the desired decomposition configuration. While somewhat more technically detailed, the arguments are fundamentally similiar to those in the previous subsection, so we indicate the proofs more briefly.
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It follows that to show all tame decomposition configurations can be realized over $\documentclass[12pt]{minimal}
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#### Remark 3.17 {#FPar28}
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Groups of small order {#Sec10}
=====================
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The group *PSL*(2, 7) {#Sec14}
---------------------
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We note that for inertia group of order 3, there are examples in the databases that are tamely ramified at two primes (e.g., at 5 with inertia of order 3, and at 6247 with inertia of order 2). For inertia group of order 7, the smallest number of ramified primes in the databases is three, with a single tamely ramified example (ramified at 11 with inertia of order 7, at 5 with inertia of order 2, and at 19 with inertia of order 4).Table 6Decomposition configurations for $\documentclass[12pt]{minimal}
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### Remark 4.4 {#FPar32}
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Conclusion {#Sec15}
==========

For finite abelian Galois groups, the only obstruction to obtaining a realization for a (minimal) tame decomposition configuration arises from constraints imposed by quadratic reciprocity and for nonabelian groups of *odd* order we have no examples of minimal tame decomposition configurations that cannot be realized. Our computations suggest, for example, that every tame decomposition configuration can be realized for groups normally generated by a single element, so in particular for every finite simple group and for the symmetric groups $\documentclass[12pt]{minimal}
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